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> ■ ABSTRACT 

, We propose that the Chern-Simons invariant of the Ashtekar-Sen con- 

| nection is the natural internal time coordinate for classical and quantum 

■ cosmology. The reasons for this are a number of interesting properties of 

this functional, which we describe here. l)It is a function on the gauge 
\ and diffeomorphism invariant configuration space, whose gradient is orthog- 

onal to the two physical degrees of freedom, in the metric defined by the 
Ashtekar formulation of general relativity. 2)The imaginary part of the 
\ Chern-Simons form reduces in the limit of small cosmological constant, A, 

and solutions close to DeSitter spacetime, to the York extrinsic time coor- 
dinate. 3)Small matter-field excitations of the Chern-Simons state satisfy, 
by virtue of the quantum constraints, a functional Schroedinger equation in 
which the matter fields evolve on a DeSitter background in the Chern-Simons 
time. We then propose this is the natural vacuum state of the theory for 
A ^ 0. 4)This time coordinate is periodic on the configuration space of Eu- 
clideanized spacetimes, due to the large gauge transformations, which means 
that physical expectation values for all states in non-perturbative quantum 
gravity will satisfy the KMS condition, and may then be interpreted as 
thermal states. 5)Forms for the physical hamiltonians and inner product 
which support the proposal are suggested, and a new action principle for 
general relativity, as a geodesic principle on the connection superspace, is 
found. 
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1 Introduction 



To construct a single unified physical theory from general relativity and 
quantum field theory we must be able to extend quantum theory to the 
universe as a whole. But efforts to accomplish this have so far failed at 
least in part because of the problem of time[|l|]. This stems from the appar- 
ent conflict between, on the one hand, the quantum theory's need to refer 
to a preferred clock when defining the notions of evolution and exclusive 
outcomes that are essential for the probability interpretation and, on the 
other hand, the diffeomorphism invariance of general relativity, which for- 
bids description in terms of a fixed or absolute notion of time, external to the 
universe. One proposal that has been made about this problem is that we 
might be able to identify a degree of freedom of the gravitational field that 
could serve as a clock, with respect to which the evolution of both matter 
and the other gravitational degrees of freedom might be measured ||, [3|, [|]. 
In this letter we would like to propose that there is a particularly natural 
choice for such an "internal" clock made from the geometry of spacetime, 
it is the the Chern-Simons invariant || of the Ashtekar-Sen connection, A a i. 
Our proposal applies both to physical, Lorentzian spacetimes and to their 
Euclidean extensions, which are expected to be useful for the quantum the- 
ory. 

Before stating our proposal, there is an important point about the speci- 
fication of the time function that must be stressed. In some treatments of the 
problem of time, it is stated that what is required is a time function on the 
spacetime manifold itself |fl]. This must be a scalar function on spacetime, 
satisfying certain properties. This may be a useful thing for the classical 
theory, but it suffers from a severe limitation when we attempt to approach 
the problem of time in the quantum theory, which is that, in general, the 
spacetime has no meaning in the quantum theory. Instead, the natural 
arena for the quantum theory is the configuration space. As is emphasized 
in many applications of quantum mechanics, the configuration space is the 
place on which the quantum states are defined, and in which their evolution 
takes place. More than this, spacetime can be expected to play no funda- 
mental role in the interpretation of quantum gravity, just as trajectories of 
particles play no role in the interpretation of ordinary quantum mechanics. 
It may emerge in the classical limit, but for the exact, non-perturbative 
theory, quantum states will exist on the configuration space of general rel- 
ativity, and they will not normally have a simple interpretation in terms of 
spacetime. 
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For this reason, what is wanted to address the problem of time in the 
quantum theory is a time function on the configuration space. Now, it might 
seem at first that it is possible to have both, that is to have a local function 
on spacetime that, given any slicing into three dimensional surfaces, can be 
integrated to give a time function on the space of configurations. However, a 
little thought leads to the conclusion that this is not possible, for the simple 
reason that if a function is going to be integrated over a three manifold to 
give a time function on the configuration space, it must be a density on that 
three surface. In that case it cannot come from a function on spacetime 
without the specification of additional information. Given an appropriate 
spatial density, one can make such an association, but as any such density 
must be, in a diffeomorphism invariant field theory, a dynamical degree of 
freedom, the difference is significant. 

Thus, we have to make a choice as to whether the object we are inves- 
tigating is a time function on the configuration space or a time function on 
a spacetime. For the reasons stated, we choose the former. Finally, we may 
emphasize that from the point of view of the quantum theory, one does not 
need to have specified a slicing condition to speak of the configuration space 
in terms of functions on an abstract three manifold. Instead, the slicing 
condition is to be seen as merely a gauge condition that helps, when appro- 
priate, to translate the fundamental dynamics on the configuration space 
into statements about spacetimesQ. 

Having specified the context, we may now discuss what we claim and 
do in this paper. The main result of the Ashtekar formalism, and all the 
work done using it, is to reinforce the idea that it is useful to think of the 
configuration space of general relativity as built from an SO (3) connection 
on an abstract three manifold. The main idea of this paper is that it may 
be useful for certain purposes to conceive of time as being measured by a 
particular function on this configuration space, which is the Chern- Simons 
invariant of that connection. 

1 Of course, there are cases where it is interesting to employ a gauge fixing as an auxiliary 
device to describe a particular spacetime in terms of a (gauge dependent) trajectory in 
the configuration space, rather than in terms of a gauge-equivalent class of trajectories. 
In these cases a gauge condition that chooses the slicings must be specified. This is 
completely compatible with what we do here. In such cases our proposal becomes a way 
to label the slices picked out by the slicing condition. For some applications this may not 
be necessary, but if one is interested in studying the dynamics of the gravitational field, 
it may be natural to use a label on the slices that measures dynamical information about 
the gravitational field, rather than simply the gauge dependent information coded in the 
slicing condition. 
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The evidence we have for this conjecture comes from both the physical 
regime of the theory where the metric has a Minkowskian signature and the 
Euclidean regime, which is relevant for the path integral formulation of the 
theory and for the discussion of the thermodynamics of the gravitational 
field. In the latter case, the Ashtekar-Sen connection, A a i, is real and we 
propose to take 

tcs = Jy C s(A) (1) 

as a measure of the Euclideanized time. Here Yes (A) = \{A l A dA % + 
^eijkA 1 A A^ A A k ) is the Chern-Simons formQ, which is integrated over a 
spatial three manifold, S, which, as we are studying cosmology, we take to 
be compact. 

As we shall see, the evidence that the Chern-Simons invariant plays the 
role of a time coordinate is, in the Euclidean case, rather direct, and comes 
from an analysis of both the geometry of the configuration space and the 
hamiltonian formulation of the theory. In the physical, Minkowskian case, 
the situation is more complicated because the Ashtekar-Sen connection, A l a , 
is complex. This means that the whole Chern-Simons invariant is complex, 
and cannot directly serve as a measure of time, in the classical theory, in 
the same way it appears to in the Euclidean case. However, we are able 
to show that in the semiclassical limit, and in the case of a non- vanishing 
cosmological constant, the imaginary part of the Chern-Simons invariant 

T IC s = ImJ^Y C s(A), (2) 

does plays the role of a time coordinate for the theory. 

The evidence for our proposal, which is described in the remainder of 
this paper, may then be summarized as follows. 

1) In the configuration space of left-handed spin connections appropriate 
to the Ashtekar formulation of general relativity 0], the Chern-Simons invari- 
ant, J Yes, is a natural time coordinate in that its gradient is both timelike 
in connection superspace (for Euclidean signature spacetimes), and orthog- 
onal to variations in the two physical degrees of freedom, with respect to 

We use the notation in which a, b, c, ... are spatial indices and i, j, k are internal SO(3) 
indices that label the frame fields of space. We may note that we are taking here the 
Ashtekar connection to have natural dimensions of inverse length, which means it differs 
from the convention usually employed by a factor of Newton's constant, G. We will use 
units here in which h — 1, but G is written explicitly, so that G has dimensions of (length) 2 , 
while the cosmological constant A has dimensions of (length)' 4 . The combination A = 
G 2 A, where G is Newton's constant, is then dimensionless. 
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the natural metric on the configuration space ||. This natural metric arises 
from the Hamiltonian constraint of the Ashtekar formulation. In Sections 
2-4 we proceed to investigate and substantiate this claim, for the case of 
vanishing cosmological constant. We show in Section 2 that the geometry 
of the connection superspace can be understood in a simple way in terms 
of structures derived from the Chern-Simons functional. This leads us, in 
Section 3, to the discovery of a simple action principle, which expresses the 
fact, previously known, that for vanishing cosmological constant the classi- 
cal spacetimes correspond to a certain class of null geodesies of the metric 
on the connection configuration space. We find that the Chern-Simons func- 
tional is the natural candidate for the parametrization of trajectories and 
null geodesies in the arena of connection superspace. We then find, in Sec- 
tion 4, and again for the case of vanishing cosmological constant, that the 
Hamiltonian which evolves the gravitational field in the Chern-Simons form 
has a simple form as the square root of a positive functional. This allows us 
to derive a simple Schroedinger equation for the evolution of the quantum 
state on configuration space in the Chern-Simons time|. It also suggests 
that "stationary states" with respect to the Chern-Simons time may exist 
in non-perturbative quantum gravity. 

2) When the cosmological constant is non-vanishing the Hamiltonian 
constraint is cubic in the momentum conjugate to the Ashtekar-Sen connec- 
tion. As a result, the use of the Chern-Simons functional as an exact choice 
for "time" may no longer be valid. In Sections 5 and 6, we discuss how 
the Chern-Simons functional can still emerge as a natural choice for "time" , 
both in the presence and absence of matter, when the cosmological constant 
A is non- vanishing but small. 

In Section 5 we consider the semiclassical regime of the theory. By 
considering states of the form ^[A, <ft] = vpcs[A]x[A, (/>], where <fi is a matter 
field and ipcSi the Chern-Simons state (eqn. 37, below), is an exact quantum 
state in the absence of matter ||, we show that in the limit of small A 
and solutions that are close to DeSitter spacetime, the quantum constraints 
reduce to a Schroedinger equation in which \ evolves in a time given by K, 
the trace of the extrinsic curvature K a {. Further, in this same limit it is 
easy to show that 

Yes = i^det{g)K + 0(V\) (3) 

3 We find also an alternative form of the time parameter, as a kind of averaged Chern- 
Simons time (eq. 35), which gives an extremely simple form for a functional Schroedinger 
equation. 
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so that the times as measured by *JgK and by the imaginary part of the 
Chern-Simons form coincide. Puthermore, the real part of the Yes is of 
higher order, so that it becomes purely imaginary in this limit. It is as a 
result of this that we are able to assert that in the semiclassical limit of 
the Minkowskian signature theory, the imaginary part of the Chern-Simons 
invariant is playing the role of the time coordinate. We may recall that the 
trace of the extrinsic curvature was proposed some time ago by York to be 
the internal time of general relativity ||] and was studied by Kuchar Jjj and 
others in the context of several models as well as in the semiclassical limit. 
We believe that tjcs offers a natural way to preserve what is useful about 
the York time coordinate, while extending it in a way that gives a simple 
description of the non-perturbative dynamics of the theory. 

3) This choice of a physical time then leads to a particular form for the 
physical inner product, described in Section 7, which may be computable in 
terms of a power series in K a i, when use is made of Witten's discovery Jl2] 
of the connection between Chern-Simons theory and the Jones polynomial 
of knot theory. 

4) Because it takes the imaginary part, Tics is invariant under large 
gauge transformations, which modify only the real part of the Chern-Simons 
functional. However, if we continue to the Euclidean theory then, due to 
the large gauge transformations, tqs = Js Yes becomes a periodic variable 
on the now real connection configuration space. In Section 8, we argue 
that, as a result, expectation values defined in terms of path integral over 
the connection-configuration space will satisfy the KMS condition [13], so 
that all states of quantum cosmology must be thermal. This extends the 
results found earlier for the semiclassical theory around classical spacetime 
solutions []l4|, [Tqj , and may offer a useful perspective on the link between 
"time" and thermodynamics in non-perturbative quantum gravity. 

The paper closes with a concluding section that summarizes the different 
results found here. 



2 The geometry of the connection-configuration 
space 

We begin by describing the geometry of the kinematical connection config- 
uration space which is the space of connections, A, modulo the space of all 
SO(3)- valued small gauge transformations, Q, 

Ckin = A/G (4) 
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and the related diffeomorphism invariant configuration space 

Cdiff =C kin /Dif 7(S). (5) 

We will take the viewpoint here that classical general relativity as a 
dynamical theory is best understood in terms of trajectories in Cdiff- It 
is then important to use whatever information can be gained about the 
geometry of this space. Here we describe what we know about the natural 
metric structure of this space from previous workQ and extend that analysis. 
We may note that many things we would like to know are not yet well 
studied, among these are many interesting global questions that we will not 
be able to address. The results we describe here for connection superspace 
may be compared with the geometry of the configuration space of three 
metrics studied first by DeWitt |L6|] . 

For simplicity we also restrict our discussion of the geometry of Ca //to 
the Euclidean signature case. We also assume throughout this paper that 
the spatial manifold E is compact. 

We may note that we do not know good coordinates for the configuration 
space Cdiff- For this reason we begin using the coordinates on the space of 
connections on E, and then investigate explicitly how to go down to the 
moduli spaces Chin and Cdiff- 

Our starting point is to notice that tqs does describe a functional on 
Cdiff and to investigate the consequences of choosing it for a time function. 
We then seek to decompose the geometry of the infinite dimensional con- 
figuration spaces locally by making a splitting of the geometry according to 
this time function, analogous to the usual 3 + 1 splitting we make in classical 
relativity. 

Thus, the gradient of the time function is given by^ 

where F£ c is the curvature of the Ashtekar-Sen connection. Much of the 
simplicity of what follows is a consequence of this fact that the left-handed 
spacetime curvature may be interpreted to be precisely the gradient of a 

4 As usual, densities are often denoted by tildes. We may note that as we are on the 
space of connections, the indices are reversed, so that an abstract cotangent space index 
on A is composed of a spatial coordinate, an internal SO(3) index and a spatial one form 
index. 
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natural time function on the configuration space A. There is a natural 
contravariant metric on Cfcj n , which is 

Gai,bj T^abc^ijk^ ■ (7) 


Here, b= (detf ai ) 1 / 2 is necessary so that G a i )b j has the appropriate density 

weight on S to be the contravariant metric on Cfcj ra . We note that when 
6 = the metric on C^n becomes degenerate. For the purposes of this paper 
we assume we are away from such points, which are in any case non- generic. 

We may note, further, that (7) is special, in that it is diagonal in the 
points of the spatial manifold S. A general contravariant metric on the 
configuration space would be of the form of G a i ;b j(x,y). In these terms we 
might write (7) as G aiibj (x,y) = b~ 1 e abc e ijk f ck 5 3 (y,x). 

Using the contravariant metric, we may contract with the index of the 
gradiant of the time function, to find the unit time vector field, 

Tai = ■^Qai,bjT h] = -^e abc e ijk f b] f ck (8) 

It follows directly that at each point of S, T a if m = 1. Note that we choose 

this definition for the unit time vector field because our aim is to describe 
structures that are local in space as well as in the configuration space. 

Using these functions we may then find the metric on the slices of C k i n of 
constant tqs-, for example the projection operator into the slices of constant 
tcs is 

H ai bj = r ai f b i - 5»5{ (9) 
while lowering with G a i^ gives 

H a i,bj = 6bT ai T b j - G ai)b j (10) 
The full configuration space metric may then be written 

uo superspace ~ J-^ u ^ L at u ^ L hj 

= J^ b (f ai SA ai ) 2 -H ai ^SA ai SA bj >j, (11) 
where the covariant connection superspace metric is 

G ai > bj {x) = I (hf ai f bj - f bi f aj ^j . (12) 
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Note that / f ai SA ai = 5 JY CS , so that 

fjai,bj _ ]_~ai~bj _ Qai,bj Qg\ 
66 

is the metric on constant tqs surfaces. 

Now, from previous work||, we know that for Euclidean spacetimes, 
jjai,bj j-^g s ig na t ure (5,3) x oo 3 , where the three negative directions at 
each point correspond to changes of the connections under spatial diffeo- 
morphisms, and the space spanned by the five positive directions at each 
point include three gauge degrees which correspond to SO (3) gauge trans- 
formations. Thus, after gauge fixing, G ai,b i may be pulled back to a signa- 
ture (1, 2) x oo 3 metric on the diffeomorphism invariant configuration space, 
Cdiff- We see that the gradiant of res spans the oo 3 "timelike" directions. 
The remaining 2 x cxd 3 "spacelike" directions, orthogonal to f a% , must then 
be considered to be the variations in the two physical degrees of freedom of 
the gravitational field. 

We may note that when the connection is complex, the same decompo- 
sition of the degrees of freedom may be done. However it no longer is mean- 
ingful to talk of the signature of the configuration space metric. Whether 
it is meaningful when the Lorentzian reality conditions are imposed, which 
involve relations between configuration and momenta variables, is presently 
an open problem. 



3 Einstein's theory from a geodesic principle on 
the connection configuration space 

We may note that the usual Ashtekar form of the Hamiltonian constraint is 

H = bG aitbj E ai E b i + 7^det(E ai ) = (14) 

Note that when A = what is relevant is only the "conformal class" of 
metrics on Cki n that differ from G ai ' b i by the multiplication by a free, non- 
vanishing function, Q, of E. Thus, for A = 0, physical spacetimes are defined 
by the common geodesies of the conformal class of metrics QG ai ' b ^ on Ckin- 
These may be called the "locally-null" geodesies of G ai ' b ^ . Another way to 
say this is that a simple action principle for general relativity, written in 
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terms of connections is [j, 

S GR [A, dA, N] = J dtj ^G a ^A ai A bj (15) 

From this action, the momentum conjugate to A a i is given by 

E ai /(MG) = G ai ' bj A bj /(N87rG) (16) 
Rewritten in the canonical form, the action is 

S GR [A, E,N} = -±- f dtj E ai A ai - (N/2)G E m Ebj (17) 

87TG J Jt, ~ ai,bj 

Variation with respect to N results in the locally null geodesic constraint 

G ai ^A ai A bj = (18) 
or equivalently (as we have said earlier, we assume 6^0) 

G aitbj E ai E b i = (19) 

All of the dynamics and constraints of general relativity are derived from 
this simple functional (expression (15)) of the left-handed spin connection. 
By taking the Poisson bracket of the "scalar" (superhamiltonian) constraint 
(19) with itself, the "vector" (supermomentum) constraint emerges as a sec- 
ondary constraint. The Poisson bracket of the vector constraints then yields 
Gauss' Law as a further constraint. Thus the locally null geodesic con- 
straint reproduces the rest of the Ashtekar constraints of 3d-diffeomorphism 
and SO (3) gauge invariance through secondary constraints and the require- 
ment of closure. With the action (15), under t-reparametrization t i— > T, 
1/N scales by dt/dT. Since 1/N is a Lagrange multiplier, the physics is 
t-reparametrization invariant. A natural and explicitly gauge and diffeo- 
morphism invariant choice for T as a parametrization of null geodesies in 
connection-superspace is precisely J s Yes []• 

5 This is related to the Capovilla-Dell-Jacobson actionjL9|. It is interesting to note that, 
in contrast to the Barlein, Sharp and Wheeler form of the action pj, the shifts do not 
appear explicitly. Instead the diffeomorphism constraints appear by requireing the closure 
of the algebra generated by the Hamiltonian constraint. 

6 Equivalently, we may write the action principle in a way that is explicitly invariant 
under reparametrizations of the t coordinate on the trajectories in the configuration space. 
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Finally, before we close this section, it is interesting to note that this con- 
struction generalizes to give a connection between a large class of topological 
topological field theories in three dimensions and a class of gravitational the- 
ories in 3 + 1 dimensions. Because any three manifold supplies us with a 
natural e a & c , any functional, f{A) on C^iff determines an inverse metric on 

that space, and hence by the geodesic principle on Cdiff a dynamics for the 
gravitational field. Our construction may then be generalized by replacing 
T cs by any functional f{A) on a space of connections on a three manifold. 
The result is that any topological field theory on a three manifold, specified 
by an action S(A), then corresponds through eqn. (7) to a gravitational the- 
ory given by the action (15). [] This may be related to the theories studied 



4 A canonical transformation and a hamiltonian 

Given the proposal that the Chern-Simons functional is to be regarded as 
labeling surfaces of constant "time" in the configuration space, as well as 
a natural parametrization of trajectories there, we would like to ask if it 
is possible to make a coordinate transformation to exhibit explicitly a de- 
composition of the directions in the configuration space into "timelike" and 
physical degrees of freedom. If this can be done we would further like to 
know if we can perform a canonical transformation on the phase space to 
exhibit that splitting. What we will show here is that, at least in the Eu- 
clidean case, this can be done locally, in the phase space. One byproduct 

Just as we do for ordinary geodesies on finite dimensional manifolds, we may write the 
action principle as 



Of course, this variational principle is subject to the same difficulty of the standard vari- 
ation principle for null geodesies, which is that the canonical momenta diverge when the 
equations of motion (18) are satisfied. However, it is still the case that the constraint (19) 
is satisfied, as may be seen by rescaling the momenta by the square root of the constraint 
(19). Once this is done, one finds that variation of this action by Q then leads to the 
locally null geodesic constraint (18), and the Hamiltonian constraint (19), and hence to 
the full Hamiltonian formulation of general relativity. 

7 Note that when the group is larger than SO(3) the condition that the algebra of 
constraints closes requires that the inverse metric (7) may be written in the Peldan form[[18| 



in g|. 




(20) 



in which e 



tab c B ai B bj B ck /det(B). 
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of this will be that this canonical transformation will yield, at least for the 
case of vanishing cosmological constant, a Hamiltonian that generates the 
evolution of the gravitational degrees of freedom in tcs- 

We begin by looking for coordinates on the constant tqs sections of Cki n - 
To find these, it is natural to split the variations in the connection A a i into 
components that are parallel to, and orthogonal to, the "timelike" direction 
r ai . We then define, 

5A ai = Tai 5AW - 5Ai (21) 

where, 

8 AW = B ai 8A ai (22) 

and 

8A± = H ai b3 5A b3 = -5A ai + r ai r b HA hj (23) 

Note that here we use the common shorthand, B ai = \e abc Fl c . It of course 
follows that f ai 5A^ = 0. 0. 

It would be very useful to be able to integrate these equations, to de- 
fine AH and A^ as coordinates on the configuration space. We have not 
investigated the questions of what global obstructions there may be to the 
definition of such coordinates, or the related question of what initial con- 
ditions may be used to define solutions to the differential relations (22-23). 
However, even without this, certain things can be said. First, it follows that, 

(*l)$iH = (5Y CS ) - \d(SA l A A*) (24) 

where (*1) is the volume element. So 

/ <5iH(*l) = / 5Y CS (25) 

from which it follows that up to an overall constant 

/ iH(*l) = f Y cs (26) 

8 It is interesting to note that A 1 - must transform as a connection under the restricted 
algebra of res-time independent gauge transformations, which are defined by gauge pa- 
rameters A that preserve its orthogonality to r al so that = f ^a^j = r 2?tA 3 -. It may 
then be useful to express the theory in terms of loop variables associated with this new 
connection. 
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Even without information on the global existence of the coordinates 
and , we can go ahead and construct a canonical transformation to define 
momenta conjugate to them. Thus, we define a canonical transformation 
such that, 

A ai -+ (i'Ui) 

E m - (p",pf) (27) 

It will be important to note in what follows that it is M and that are 
the densities. The transformation that accomplishes this may be found from 
the condition that it must leave the symplectic structure on the phase space 
fixed. In particular, we have 

" 8^G L Sx ^ bA ™ = Sx {pHx)f ai 5A ai (x) + pf(x)6A^(x)) (28) 
One then finds directly that, 

" { ^G )&m{x) =P ll (x)f m +PfH ck » (29) 

with pll = -T ai E ai /{8TiG) and pf = -H bj ai E b i / (8ttG) . 

We may also write down directly the momentum conjugate to the Chern- 
Simons invariant tcs = J^Ycs- It is 

Pcs = ^Jjp ]l , (30) 

where B = J s b. It may be checked directly that {tcs, Pes} = 1- 

We may now proceed to construct the Hamiltonian conjugate to tcs- 
We plug (29) into the Hamiltonian constraint (14), to find, 

= H = (8nG)\p\\) 2 b 2 -p a lpTb¥^, b j 

-(167TA) (V ) 3 6 2 + \ P hH ahhj pfp b l + det(pf)^)] (31) 

To proceed we must consider separately the cases in which there is or is not 
a cosmological constant. For the remainder of this section we set A to zero, 
postponing to the next two sections the case of nonvanishing cosmological 
constant. With no A terms, we may solve (31) to find a hamiltonian that 
generates evolution in tcs- First, we find directly that 

pHx) = ^H ai , bj {x)pf{x)p b i{x) (32) 
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To find the Hamiltonian conjugate to tqs we must integrate. We find 



PCS = \\^ ^bH a i,bjP a lp b l = hcs (33) 

This suggests that a quantization could be developed along the lines of pO] 
in which a quantum state, ^ of the gravitational field, expressed either in 
the connection or the loop representation, evolves according to 

i- = h CS * (34) 

dr C s 

We may note that as we have defined the Hamiltonian without breaking 
spatial diffeomorphism invariance, it may be possible to implement the cor- 
responding time evolution equation quantum mechanically as an operator 



on diffeomorphism invariant states, using the techniques developed in [2C]. 
Furthermore, we may note that as H a n,j is positive definite, the square root 

in (33), and hence the Hamiltonian, may be defined over all regions of the 
configuration space Cdiff on which b is also positive definite everywhere on 
S. The only difficulties with the definition of this Hamiltonian then come 
through the possibility of vanishing or complex b. This is a better situa- 
tion than the Hamiltonian obtained in [^(J which is the square root of an 
expression that is not positive definite at generic points on the configura- 
tion space. This is at least one advantage of using a degree of freedom 
of the gravitational field, rather than that of a matter field, as a clock. 
Eqn.(34) suggests that for A = 0, there may be "stationary states" of the 

form ty[A] = e c b Ycs Xy[A i ~], with c being dimensionless constants which 
correspond to the "spectrum" of hcs- 

Finally, we may note that an even simpler form for the Hamiltonian is 
obtained if we scale the time coordinate by B, so that we evolve the state 
not in tcs, but in 

r'= T -f (35) 

The hamiltonian should then be proportional to p' = J s bpcs, which is 
simply, 

P = / s ^H^,bjPfpl- (36) 

Now we turn, in the next two sections, to the case of finite cosmological 
constant. 
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5 The physical interpretation of the Chern-Simons 
state 

The case of finite cosmological constant, is more difficult, because of the 
term in (31) proportional to the cube of p". This means that the quantum 
hamiltonian constraint equation contains third time derivatives in the ap- 
parent local time variable A". The presense of these third time derivatives 
poses a difficulty for the interpretation of the dynamics of the theory, as 
they could be indications that the theory has instabilities or runaway solu- 
tions, of the kind that infest the Lorentz-Dirac formulation of the relativistic 
electrodynamics of point particles. We may note, in this connection, that 
working in perturbation theory, Tsamis and Woodard have found evidence 
that quantum general relativity with a finite cosmological constant is in- 
frared unstable |24|]. Thus, we should be cautious about the interpretation 
of a quantum theory for nonvanishing A. 

On the other hand, it may be that in spite of these cubic terms, the 
quantum theory with a cosmological constant is still well defined, at least 
for sufficiently small A. We may note that exponential growth is a property 
of the cosmological solutions associated with the presense of a cosmologi- 
cal constant, thus third time derivatives may be necesssary if the quantum 
theory with a cosmological constant is to have a good semiclassical limit. 

But perhaps the best evidence that the theory may be sensible in the 
presence of a cosmological constant is that we know that in that case there 
is an exact quantum state of the theory, which is the Chern-Simons state 
discovered by Kodama||. This is an exact solution to all the constraints of 
quantum gravity in the connection representation for A 7^ 0, which is given 
by0, 

tpcslA] =e^h Ycs[A] (37) 

This state has been much studied in quantum gravity, and it is known that a 
class of states with very interesting properties can be constructed by trans- 
forming it to the loop representation [pd{ . 

The question of whether the quantum theory with a finite A can be sensi- 
ble then depends to some extent on the interpretation of this state. While we 

9 We may note that the Chern-Simons state may be multiplied by any topological 
invariant, /, of A on We may note that, as / may be chosen arbitrarily without 

affecting the demonstration that tpcs solves the constraints, there could actually be a 
number of such exact Chern-Simons states which depend on the topology of E. We do 
not here develop this very interesting fact. 



15 



are not able to settle this question here, we are able to discover a significant 
piece of evidence that the Chern-Simons state might, at least for sufficiently 
small A, be interpreted as the ground state of the theory. This evidence is 
gotten by coupling the theory to matter, and then studying the behavior of 
perturbations of this state involving the matter degrees of freedom. We find 
that these excitations behave, to leading order in A, exactly like excitations 
of a quantum field on the background of a DeSitter spacetime. Furthermore, 
we find that in this description the natural time coordinate in which these 
matter states evolve is the Chern-Simons time. 

We then consider an excitation of a matter field, cj), defined by a state, 

y[A,<j>\=Tjjcs{A]x[A,<t>] (38) 

For concreteness, we will take the matter field to be a single massless free 
scalar field, although the results are independent of the choice. We then 
apply the Hamiltonian constraint to this state, using a regularization and 
an ordering in which %l>cs [A] is an exact solution |], [ji], |ll|] and find, using 
E ai (x) = -(8TTG)5/5A m (x), that, 

= J ^{-^ e ~-bc^kB ck B^^- + H ma Uer[E ai = -^i} X [A, 0] 

^|(5 a 0)(^)(^4 (a )(8vrG)^- + (a a 0)(^)(8vrG) 2 ^^-| X [A<A] 

-G± f Ar(87r) 2 ^ fc 6 ob ! A A X[AA\ + ... (39) 
6 oA ai 6A bj dAck 

To analyze the meaning of this equation, let us assume that %L4, 0] is 
peaked around self-dual spacetimes, and has only a slow dependence on A a i 
compared to the leading exponential term in the Chern-Simons state. In 
this case, the terms in the second and third lines of (39) are of lower order 
compared to the first. Using (22), we then have, to leading order 



2A7 S ~ ~ ai 6A ai 2A7s~ <L4H 

3G ~, 



J NH ma tter[E ai = -^B ai }x[A,(l>} (40) 



Now, let us assume that the dependence on x[A, <fi] on ^4." is holomor- 
phic, following the usual analogy between the Ashtekar connection and the 
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Bargmann quantization of the harmonic oscillator. Then, we may write 



-%r~ = » % ( 41 ) 

8AW{x) 5ImAW{x) 

It is also possible to show that in the limit of small A with E ai approaching 
5 m , on the L.H.S. of the Schroedinger equation, 

<>V +0(X) = 3 4^ + 0(X) (42) 



8ImAW{x) 6ImY(x) X SK 

where K = y/qK is the densitized trace of the extrinsic curvature, and we 
have used (3). 

Thus we have a local Schwinger-Tommonoga equation of the form 



Kx) zf = l ~ 2Hmatt ^ m = -x^ WA ^ + ° (A) (43) 



Alternatively, we can find a single Schroedinger equation that governs 
the propagation of the state in the Chern-Simons time. To find this, we 
integrate (40), with N = b , to find, again using (3), 



5 X 18G 5 

i- 



5t ICS W{q) 



/ ^JqH m atterX (44) 



where H ma u er = q~ 1 TCmatter is the undensitized matter hamiltonian and 
= Is y/Q. ~ (3G/A) 3 / 2 J s b is the spatial volume of the universe. 

These equations tell us that for small cosmological constant, the leading 
term of the Hamiltonian constraint can be interpreted as the quantum field 
theory for the matter fields evolving with respect to the Chern-Simons time 
tjcs on a classical background manifold which obeys E ai = —^B ai . But 
the reality conditions then imply that the background must be a DeSitter 
spacetime. Thus, in the limit of small A, and excitations energies small in 
Planck units, the excitations of the exact state may be interpeted as describ- 
ing quantum fields evolving on a background DeSitter spacetime. Further, 
the natural time coordinate on that DeSitter spacetime that emerges from 
this limit of the Hamiltonian constraint is precisely tics- 

In closing this section, we note that one further comment may be made 
about the hypothesis that the Chern-Simons state describes the vacuum of 
the theory. We may note that it is indeed remarkable that a state that is an 
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exact eigenstate of momentum such as is ^cs[^4] can have an interpretation 
of an exact vacuum of a quantum field theory. It is indeed for this reason 
that there has been a suspicion that the Chern-Simons state is unphysical, 
for such is certainly the case for the corresponding solution of Yang-Mills 
theory. The difference between these two cases lies in the fact that in quan- 
tum gravity the inner product reflects the dynamics of the theory, and must 
be imposed on the space of solutions to the theory. If the Chern-Simons 
invariant is time, and if the inner product is taken at fixed time, as we will 
shortly propose, then there is a possibility that this state may be normaliz- 
able. This, and the fact that it is only the inner product that will impose 
the reality conditions, means that a state may be simultaneously an exact 
solution to the constraints in an ordering that is, as we have shown here, 
consistent with the semiclassical limit and a Hamiltonian-Jacobi function 
for a sector of solutions of the theory. 

Further, we note that because the Chern-Simons state is simultane- 
ously a semiclassical state and an exact state, the semiclassical expansion is 
cleaner than in the conventional formulation [25], so that there is no DeWitt- 
Morette-Van Vleck determinant. The Chern-Simons state must then already 
contain information about the linearized virtual excitations of the gravita- 
tional field. 

This means that the Chern-Simons state corresponds to a universe in 
which only the left-handed curvature is virtually excited. This is sensible 
because, as the reality conditions are imposed by the inner product, it need 
not be satisfied by the virtual quantum excitations. This suggests that the 
Chern-Simons state describes a vacuum at the Planck scale that is naturally 
chiral, corresponding to a condenstate of left-handed nonlinear[26\ gravi- 
tons, while at the same time reproducing the physics of classical general 
relativity in the semiclassical limit. This suggest that quantum gravity may 
naturally have CP violating effects at short distances. Further evidence for 
this conclusion is in [Ell. 



6 Gravitational perturbations with respect to the 
conformally self-dual sector 

In the previous sector we saw that, in the presence of a cosmological con- 
stant, it is possible to make the hypothesis that the ground state of quantum 
gravity is given by the Chern-Simons state. To further investigate this hy- 
pothesis, it would be necessary to study the higher order corrections to the 
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WKB limit we have just discussed. While we are not yet able to do this, 
we make some preliminary remarks in this section. 

As we noted, the Chern-Simons state can be understood as being the 
exponential of a Hamilton-Jacobi function for the self-dual sector. Thus, if 
we want to understand how to study perturbations of the quantum theory 
from this vacuum, we must first understand how to describe perturbations 
away from self-dual sector in the classical theory. In this section we study 
this question by studying the perturbations of the classical Hamiltonian 
constraint away from the self-dual sector. To do this, it is important to 
observe that there are two dimensionless parameters of interest, 

~ai = £ai + ^f_gai (45) 

A 

and A, the cosmological constant. q m vanishes for conformally self-dual 
solutions, such as the DeSitter solution, and thus describes fluctuations away 
from the conformally self-dual sector. Thus, to expand around the DeSitter 
solution, for universes large relative to the Planck scale, we may expand 
simultaneously in small q ai and small A. 

We may then proceed by separating the terms of different orders of A and 
q ai in the action of the classical Hamiltonian constraint. We consider first, 
the case with matter, in the form of a scalar field, as in the previous section. 
We may note that the classical hamiltonian constraint can be written in 
terms of the fluctuations q m as 

A QC 1 R a * R^j 

n , , r Z a i rfij ^ck n fjai ~bj ~ck , aLj ~cki 

U — e abc eijk[-^q q J q -bt> q J q H q J 

-(167rG)[-7f 2 + -(q m q M ~ jB^ + ~^B m : B w )0 a ^](46) 

First, we may expect that for small q m , the first and last terms in the 
matter hamiltonian are dominant (^M is of order one). For small q at , the 
dominant contribution to the pure gravity hamiltonian comes from the last 
term which is first order in q ai . Therefore, to leading order, in the presence 
of matter we have precisely 

QC 1 Qr 12 

—e abc e ijk B ai mq ck = (16vrG)[-^ 2 + (_)5»^d a W]. (47) 

But this, evaluated at E m m —^£ abc F b l c , corresponds to the semiclassical 
limit of the Wheeler-DeWitt equation, as we found in the last section. It tells 
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us how the leading order deviations from the conformally self-dual sector are 
driven by the matter fields. 

What happens in the absense of matter? Here the circumstance is some- 
what different, as the leading gravitational term cannot be balanced against 
the matter hamiltonian. Instead, we may seek solutions in which the dif- 
ferent terms in the gravitational perturbations are balanced against each 
other. 

To find such solutions, let us note that for small A and q m , we may neglect 
the term which is third order in q m in (46). The resultant hamiltonian 
constraint up to terms quadratic in q a% is then of the form 

q2 ~2 q + £k ? «*Kft = ° (48) 

where q = jTq m T a i and <ff = q ai — ^f ai q. Note that T a iq™ = 0, and q is 
conjugate to J* s Yes- We may then solve this to find 

q = H±(B,q ± ) 



It is interesting to note that for small perturbations, this has the form of 
q = H ± = -^ h H ahbj qfq b l + 0{q\) (50) 

This shows us that, for small A, the gravitational perturbations of confor- 
mally self-dual solutions are stable, at least for the Euclidean sector in which 
b 2 > 0. This is a necessary, but of course, not sufficient, condition for the 
demonstration of the stability of the theory for nonvanishing cosmological 
constant. 



7 Proposal for an inner product 

One of the most difficult problems in non-perturbative quantum gravity is 
the construction of the inner product. While this, also, is a question that 
we cannot completely settle here, we are able to note that the hypothesis 
that the Chern-Simons invariant gives us a natural notion of time on the 
configuration space of general relativity leads to a suggestion for a form of 
the inner product. 
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This suggestion is, in principle, very straightforward: if there is a natural 
time coordinate on the configuration space, then the inner product may be 
chosen by integrating on a constant time surface of the configuration space. 



A related suggestion has recently been put forward by Moncrief [ 21] , who 
suggested that an algebra of physical observables can be constructed from 
the values of physical fields on the K = surface of each spacetime. More 
particularly, he noted that, at least for a large region of the physical phase 
space which corresponds to solutions that have K = surfaces, a set of 
physical observables is given by a complete set of spatially diffeomorphism 
invariant functions of the fields on that surface. These functions have an 
algebra which is easy to compute, for one can simply evaluate their Poisson 
brackets, at each solution in the physical phase space, in terms of the Poisson 
brackets of the fields on the K = surface of that spacetime. 

This proposal has been explored in a study of a nonperturbative quanti- 
zation of the Bianchi IX cosmologies^]. Here we would like to show that a 
rather suggestive form for the inner product emerges if we take Moncrief 's 
suggestion seriously, but with two modifications. First, we take the special 
surface to be identified on the configuration space rather than on each space- 
time. This is in line with our philosophy that the configuration space, rather 
than the spacetime, is the proper arena for the quantum theory. Second, we 
take the surface of initial time on which the inner product will be defined 
to be the surface in the configuration space where the imaginary part of the 
Chern-Simons invariant vanishes. Of course, by (3) this is closely related to 
the condition that K vanishes. However, taking the condition in terms of 
an invariant on the configuration space means that a gauge condition must 
be fixed to identify which surfaces in a particular solution correspond to the 
Im f Y = surface of configuration space. This allows us to write the inner 
product in a more gauge-invariant form. 

Our proposal is then to consider an inner product of the form 

< >= y J] {(dA)(dA)5[T ICS (A)}) W(A)A[A, A]^(A) (51) 

This is not a complete definition, for the expression A[A, A] must be chosen 
so that the physical Hamiltonian, defined appropriately on such states is 
Hermitian, and will also contain gauge fixing factors. The form of A[A, A] 
that satisfies this condition has not yet been found and involves difficult 
issues of ordering and regularization. However, we may notice that, even 
without a complete specification of the inner product, we may see that this 
general form leads to a suggestive formal expressions for the inner products 
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of certain states. For if we take seriously the suggestion that the Chern- 
Simons state is be the vacuum of the theory, we may consider modified loop 
states of the form 

%[A] = /e Ycs[A %[A] (52) 

where T 7 [^4] is the usual product of the traces of holonomies of loops. The 
functional integral () defining the inner product may for such states be 
expressed in terms of a functional integral involving the SO (3) connection 
T a i and the extrinsic curvature, K a i. 

< *'|* > = /il {{dTai)(dK ai )5[Im J Y(T, K)] 
xe ih:U Y cs[r]-^KiDlK cl ) 
xT! r [T,K]A[A = T + iK]T 1 [T,K] (53) 

This inner product thus defines a field theory for a multiplet of vector 
fields, K a i interacting in a background given by the 50(3) gauge field T a {. 
As the exponential in (53) is quadratic in K a i one may develop the integral 
over K a i perturbatively by a power series expansion in K a {. Meanwhile, 
as T 7 L4] is a product of holonomies of loops, the integral over T might be 
defined by using Witten's discovery that the Chern-Simons path integral 



yields the Jones polynomial of knot theory [12]. If this can be done, it will 
support the conjecture that ipcs\A\ is indeed the physical ground state of 
the theory, by giving meaning to its gravitational excitations of the form of 
(52). 

In closing this section, we may note that in Section 5 we found evidence 
that the imaginary part of the Chern-Simons invariant is playing the role of 
time only in the semiclassical limit. The evidence we have for the role of the 
Chern-Simons invariant that is beyond the semiclassical limit comes from the 
role of the real Chern-Simons invariant in the Euclideanized sector. Niether 
completely justifies the step we are taking here, which is to hypothesize 
that tics plays the role of time for the full, non-perturbative theory. This 
proposal can only be confirmed if it leads in fact to physically significant 
results. 
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8 The KMS condition for nonperturbative quan- 
tum gravity 



In this section we would like to discuss a final remarkable consequence of 
the choice of the Chern-Simons invariant as the time function on the config- 
uration space. This is that the full nonperturbative quantum theory may be 
intrinsically thermal, in that all expectation values of physical observables 
satisfy a KMS condition [13]. 

To see why, note that if we study the real section of Ckin corresponding 
to Euclidean spacetimes, tcs becomes a periodic coordinate because under 
large gauge transformations of winding number n, the Chern-Simons form 
is not invariant but transforms as J Yes ~~ > I Yes + 8ir 2 n ||. This means 
that the real section of Qj// has the topology of S 1 x S, where S is the slice 
of Cdiff defined by JYqs = 0. This has a direct consequence, which is the 
following. 

Let us assume that a complete quantum theory of gravity has been de- 
fined as a quantum theory of motion on the configuration space Cdiffeo- This 
should allows us to calculate expectation values of the form 

< *|6i6 2 ...|* > (54) 

where the Oi are physical, and hence gauge invariant, observables, the |\P >'s 
are physical states and the expectation value is defined in terms of a physical 
inner product. Now, the problem of how to construct physical observables 
that measure evolution in quantum gravity, is well understood, at least in 
principle (see, for example, What is clear is that such observables 

describe correlations between certain degrees of freedom, which we take as 
representing a measure of time, and other degrees of freedom of the theory. 
It then follows from this that given any choice, r for a measure of time on the 
physical configuration space it will be the case that for every diffeomorphism 
invariant function 0[A,E] on the phase space there will be one parameter 
family of physical observables in the classical theory, 0(t), that measure 
the value of 0[A, E] averaged over the configurations for which t = r. For 
example, such a function might correspond to the measurement of some 
spatially diffeomorphism invariant function, O, of A a { and E ai on slices that 
satisfy a certain gauge condition, such as maximal slicing. The definition of 
the observable, as a function on the physical phase space or, equivalently, 
on the space of solutions, would be to find that slice in the slicing of each 
solution for which r = t, and then measure O on that slice. 
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We may then assume that in a succesful quantum theory of gravity there 
will be one parameter families of quantum observables, 0(t), corresponding 
to some subset of these classical observables. It is natural to assume also 
that in such a theory there will be a functional integral representation of 
physical expectation values in terms of paths on the diffeomorphism invari- 
ant configuration space Cdiffeo- In this case, then we may expect that there 
will be a measure n(A) on Cdiff, such that, at least for a preferred vacuum 
state < 0|, 

G°(t)=< 0|Oi(t)O 2 (0)|0>= f d/i(A)O!(t)O 2 (0) (55) 

Now, given that this will exist, it is natural also to imagine that in Euclidean 
quantum gravity the expectation values are to be measured in terms of the 
path integral (55) over Euclidean configurations. If we want to interpret 
these expectation values in terms of a Euclideanized time, we have to follow 
the same procedures as in the physical theory, which is to find a good time 
coordinate te U c on the physical configuration space, Cdiff and construct 
operators that measure correlations between this degree of freedom and 
other degrees of freedom of the theory. 

Now, we have found in the preceeding sections that there is a preferred 
choice for the Euclideanized time of the theory, which is tcs> the Chern- 
Simons invariant. It is therefore natural to investigate the behavior of the 
Euclideanized quantum field theory when the observables are parameter- 
ized by this notion of time. It is very interersting to note that it follows 
immediately, from the periodicity of the configuration space for Euclidean 
spacetimes Cdiffeo just mentioned that 

G° Euc {tcs) = G° Euc (t CS + 8vr 2 n) (56) 

Thus, from the geometry of the diffeomorphism invariant configuration 
space, it must follow that, to the extent that a quantum theory of gravity 
exists along the conventional lines we have assumed here, physical expecta- 
tion values in the theory must satisfy the KMS condition, when correlation 
functions expressed in terms of tcs are measured. This means that there is 
a sense in which quantum general relativity must be an intrinsically thermal 
theory. 

We may note that it may also be the case that the Euclidean amplitude 
Ge uc [tcs] is the analytic continuation of the physical amplitude G9tjcs\- 
However, given the well known difficulties about Euclideanization in quan- 
tum gravity, this should not be assumed. It is then important to emphasize 
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that it is not necessary that this be the case for it still to follow that the 
Euclideanized quantum theory satisfied a KMS condition when expressed 
in terms of a natural notion of time for the Euclideanized theory. 

Of course, this is a formal argument. However, it is interesting to note 
that it can be directly confirmed in the semiclassical limit. To show this we 
must begin by asking an important question: What is the temperature asso- 
ciated with the periodicity we have found? The answer is that, because the 
period is a dimensionless parameter, there is actually no dimensional tem- 
perature associated with the theory. Instead, a particular temperature can 
arise from the periodicity of the Euclidean signature Chern-Simons invariant 
only for the case of a semiclassical state. In that case the amplitudes are 
dominated by a particular periodic trajectory on the configuration space, 
corresponding to a Euclidean signature spacetime that is periodic in Eu- 
clidean time. Then the metric of this spacetime can provide a dimensional 
measure of the periodicity, which then provides a temperature for the fluc- 
tuations around it. 

For example, to find the temperature associated with the Chern-Simons 
state (37), which we conjecture to be the vacuum, we use the fact estab- 
lished above that this state can be understood in the semiclassical limit as 
describing fluctuations around DeSitter spacetime. It then must follow that 
the periodicity of the real section of Qi// must corresponds to the known 



periodicity of the Euclidean DeSitter spacetime [ 15 1. In fact, we can use the 
invariance of the theory under large gauge transformations to discover the 
periodicity of Euclidean DeSitter spacetime. For constant-t foliations of De- 
Sitter spacetime, the relation between the Chern-Simons invariant and the 
spacetime coordinate t is 

^- = J dxB m {A au NH}p. B .= J d 3 xNe abc e ljk B a *E b i(B ck + ^E ck ) 

(57) 

In arriving at expression (57), which is the general relation between the vari- 
able t in a classical t-foliated spacetime and the Chern- Simons functional, 
we have used s = B m . The DeSitter metric may be written as 

ds 2 DeS itter = 0- ~ + \ r 2 + r 2 d6 2 + r 2 sinHdtf (58) 



On substituting y det(E)N for the lapse function, y 1 — ^r, and integrating 
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over 0<(/><27r,0<6><7r,0<r<W^,we arrive at 



dr C s[AD eSitter 

(*)]) 



dt 




(59) 



However, by integrating this we find that the invariance of the theory under 
large gauge transformations requires that for the Euclidean DeSitter mani- 
fold, t must be periodic with period 2iTy^3GjX. This also gives us the scaling 
between the dimensionless period of tqs and a physical temperature, which 
then implies that the temperature associated with the Chern-Simons state 
is indeed, 

1 



T cosmological - ^V A / 3G - ( 6 °) 

This coincides with the periodicity and the Hawking temperature found 
by demanding that the metric of the Euclidean DeSitter solution have no 
conical singularity llq]. 

In the case of zero cosmological constant, an analogous calculation for 
the Euclidean Schwarzschild solution with metric 

ds 2 s chwarzschild = (1 - ^^ L )dt 2 + - \ Gm ^ dr 2 + r 2 d9 2 + r 2 sin 2 6d(j) 2 (61) 

gives a similar correspondence 

dTCs[Aschwarzschild(t)] tan \ 
— = TT/Gm (62) 

between the periodicity of the Euclidean Chern-Simons term of the Ashtekar- 
Sen connection and the periodicity of the Euclidean time coordinate with 
period 8irGm. 

As a result, we may conclude that the use of the connection configuration 
space, together with the conjecture that the Chern-Simons invariant is a 
natural time coordinate, gives us a setting in which the connection between 
periodicity in the Euclidean sector and thermal states may be extended 
from the semiclassical theory to the full nonperturbative theory. We thus 
conjecture that quantum gravity may be an intrinsically thermal theory, not 



only at the semiclassical level [15, 23 1 but also at the full non-perturbative 
level. 

As a final note to this section, we may observe that the idea that the 
absolute distinction between quantum and thermal fluctuations might break 
down in quantum gravity has been rasied before [pjJ. Furthermore, for rather 
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different reasons, Connes and Rovelli have found independent reasons to con- 
jecture that general states of quantum gravity satisfy a KMS condition[3C]. 
In their "Thermal Time Hypothesis" they propose that a natural notion 
of time may be derived from a large class of quantum states of a diffeo- 
morphism invariant quantum field theory such as general relativity. It is 
worth exploring whether the Chern-Simons time may be a realization of 
their hypothesis. 



9 Conclusions 

The diffeomorphism invariance of classical general relativity means that the 
coordinates on any given spacetime manifold have no physical significance. 
Instead, time evolution is to be described, in the classical theory, in terms 
of correlations between different degrees of freedom of the theory. As any 
of the infinite degrees of freedom may, at least locally, be taken as a clock, 
classical general relativity then allows an infinitude of possible descriptions 
of a unvierse evolving in time. 

The problem in time in quantum gravity, especially in the cosmological 
case, then has two aspects. First, is it possible in the quantum theory, 
as it is in the classical theory, to describe time evolution in terms of an 
infinite variety of possible clocks? Second, is it practical to do so? That 
is, even if it is possible to formally define the theory in such a way as to 
accomodate evolution by any possible clock, might it be more convenient to 
define the theory in a simpler way so that evolution with respect to some 
particular clock is described. Whatever the answer to the first question, 
which may be considered to be the deep problem of time, it still may be 
much more convenient to define the theory with respect to a particular 
notion of evolution, with respect to which the equations may be particularly 
simple, rather than in a form allowing interpretations in terms of all possible 
clocks. 

We certainly did not answer the deep question of time here. But what 
was accomplished was to show that the classical configuation space of general 
relativity has on it a natural function, the Chern-Simons invariant, which 
may serve as a useful time coordinate for the theory. Furthermore, we 
saw that this function endows the configuration spaces C^in and C^iff with 
certain structures which are very convenient for understanding the dynamics 
of general relativity. This structure, which we described in Sections 2 and 
3 represents a certain special kind of geometry in which the metric and 
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geodesic structure of an infinite dimensional space are defined in terms of a 
simple function. As we saw in various guises in the course of this paper, it 
gives us a framework for analyzing dynamical questions in general relativity, 
which may be of use for understanding a variety of features of the dynamics 
of classical and quantum general relativity. 

At the level of the classical theory, we have found that a study of the role 
that the Chern-Simons invariant plays in the geometry of the configuration 
space of general relativity leads to the following results: 

i) A splitting of the physical degrees of freedom into gauge, physical, and 
time like degrees of freedom (Section 2). 

ii) The discovery of simple forms for the action principle, as a geodesic 
principle on the configuration space C<ji// (Section 3). 

iii) The existence of a canonical transformation that separates the time- 
like and physical degrees of freedom, and that leads to particularly simple 
forms for Hamiltonians that evolve the physical degrees of freedom of the 
gravitational field in terms of time parameters related to the Chern-Simons 
invariant (Sections 4, for vanishing cosmological constant and 6 for nonvan- 
ishing A). 

We may note that all of these results have been written here for the Eu- 
clidean signature case, which is the simplest when dealing with the Ashtekar 
formulation. If we want to discuss the Minkowskian case we must impose 
reality conditions. As these mix coordinates and momenta, they are not 
easily expressed in terms of the configuration space variables. The effect of 
the reality conditions on these results, in both the classical and quantum 
theory, is not yet well explored. We may note only that the expectation 
that quantum states will be, under a certain definition of complex struc- 
ture, holomorphic in the connection, suggests that these and other results 
on the geometry of the real configuration space will be very relevant for the 
Minkowskian quantum theory. 

Another key set of issues that has not been explored here are global 
questions. As quantum states will be functionals on the whole configuration 
space, it is essential that more be learned about the global topological and 
differential properties of Cdiff- We may note that the existence of a preferred 
function such as J Yes on this space may play an important role in this 
analysis. 

Given those properties of the Chern-Simons function as a coordinate on 
the configuration space that we were able to discover, we went on to study 
the question of whether the Chern-Simons functional might play a useful 
role as a time parameter in the quantum theory. The results we found here 
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are necessarily all, in one way or another incomplete. However, we found 
two ways in which the Chern-Simons function might play a significant role 
in the quantum theory. 

iv) It emerges in the semiclassical limit of the Hamiltonian constraint as 
the natural time coordinate for quantum gravity coupled to matter, if the 
cosmological constant is nonvanishing and the vacuum is taken to be the 
Chern-Simons state (Section 5). It is interesting to note also that in this 
limit, the Chern-Simons form reduces to its imaginary part, which is in turn 
proportional to the trace of the extrinsic curvature. This suggest that in the 
physical, Minkowskian case, it is the imaginary part of the Chern-Simons 
invariant that is playing the role of time. However, unlike the case of the 
Euclideanized theory, we presently have good evidence for this only at the 
semiclassical level. 

v ) t~cs provides a periodic coordinate on the Euclidean section of the 
configuration space. This means that to the extent that a quantum theory 
of gravity can be established as a theory of motion on this configuration 
space, the theory must be intrinsically thermal, in that physical expectation 
values of the Euclideanized theory must satisfy the KMS condition when 
expressed in terms of the Chern-Simons time. 

In the end, even if it turns out to be possible to invent a form of quantum 
cosmology that makes sense when evolution is described with respect to any 
particular clock, it will certainly be the case that important features of the 
theory will be more transparent when studied with one choice of time than 
another. We believe that the results we have reported here suggest that 
whatever the outcome of the deep problem of time in quantum cosmology, 
the Chern-Simons invariant can play a significant role in our unraveling the 
dynamics of general relativity, at both the classical and quantum level. 

Acknowledgements 

We would like to thank Abhay Ashtekar, Lay Nam Chang, Louis Crane, 
Chris Isham, Ted Jacobson, Karel Kuchar, Guillermo A. Mena Marugan, 
Vince Moncrief, Jorge Pullin, Carlo Rovelli and Richard Woodard for help- 
ful discussions. This work has been supported by the National Science 
Foundation under grant NSF-PHY93-96246 and research funds provided by 
the Pennsylvania State University. 



29 



References 

[1] For recent discussions, see, for example, C. J. Isham, Canonical quan- 
tum gravity and the problem of time, to appear in the proceedings of 
the NATO advanced study institute "Recent Problems in Mathemat- 
ical Physics", Salamanca (1992); K. Kuchar, Time and interpretations 
of quantum gravity in the Proceedings of the 4th Canadian Conference 
on General Relativity and Relativistic Astrophysics, eds. G. Kunstat- 
ter, D. Vincent and J. Williams (World Scientific, Singapore,1992); J. 
B. Barbour, On the origin of structure in the universe in Proc. of the 
Third Workshop on Physical and Philosophical Aspects of our Under- 
standing of Space and Time ed. I. O. Stamatescu (Klett Cotta); J. J. 
Halliwell, J. Perez-Mercader and W. H. Zurek, eds. Proceedings of the 
NATO Meeting on the Physical Origins of Time Asymmetry (Cam- 
bridge University Press, Cambridge, 1992) and references therein. C. 
Rovelli, in Conceptual Problems of Quantum Gravity ed. A. Ashtekar 
and J. Stachel, (Birkhauser,Boston,1991); Phys. Rev. D 42, 2638 (1991); 
43, 442 (1991); L. Smolin, Time, structure and evolution, to appear in 
the Proceedings of the conference Time in Science and Philosophy held 
at the Istituto Suor Orsola Benincasa, in Naples (1992) ed. E. Agazzi; 
L. Crane, Categorical Physics, Kansas State University preprint (1992). 

[2] R. F. Bardeen, D. H. Sharp and J. A. Wheeler, Phys. Rev. 126, 1864 
(1962). 

[3] J. W. York, Phys. Rev. Lett. 26, 1656 (1971); 28, 1082 (1972). 

[4] K. Kuchar, J. Math. Phys. 13, 768 (1972). 

[5] S. S. Chern and J. Simons, Ann. of Maths. 99, 48 (1974). 

[6] A. V. Ashtekar, Phys. Rev. Lett. 57, 2244 (1986) ; Phys. Rev. D 36, 
1587 (1987). 

[7] For reviews, see, for example, A. Ashtekar, Non-perturbative canonical 
gravity, (World Scientific, Singapore, 1991); A. Ashtekar, in the Pro- 
ceedings of the 1992 Les Houches lectures; C. Rovelli, Class, and Quant. 
Grav. 8, 1613 (1991); L. Smolin, Recent developments in nonperturba- 
tive quantum gravity in the Proceedings of the 1991 GIFT International 
Seminar: Quantum Gravity and Cosmology, (World Scientific, Singa- 
pore, 1993); R. Gambini and J. Pullin, Loops, knots, gauge theories 
and quantum grawft/, (Cambridge University Press, to appear). 



30 



[8] C. Soo and L. N. Chang, Superspace dynamics and perturbations around 
'Emptiness', |gr-qc/930701g| , CGPG-93/9-2, VPI-IHEP-93-5 (to appear 
in Int. J. Mod. Phys. D). 

[9] H. Kodama, Phys. Rev. D42, 2548 (1990) 

[10] L. N. Chang and C. Soo, Ashtekar variables and the topological phase 
of quantum gravity, in Proceedings of the XXth. Differential Geometric 
Methods Conference, eds. S. Catto and A. Rocha, (World Scientific, 
Singapore, 1991); Phys. Rev. D46, 4257 (1992). 

[11] B. Bruegmann, R. Gambini and J. Pullin, Nucl. Phys. B385, 587 (1992). 

[12] E. Witten, Comm. Math. Phys. 121, 351 (1989). 

[13] R. Kubo, J. Phys. Soc. Japan, 12, 570 (1957); P. C. Martin and J. 
Schwinger, Phys. Rev. 115, 1342 (1959). 

[14] J. B. Hartle and S. W. Hawking, Phys. Rev. D13, 2188 (1976) ; G. W. 
Gibbons and S. W. Hawking, Phys. Rev. D15, 2738 (1977); 2572. 

[15] G. W. Gibbons and S. W. Hawking, Phys. Rev. D15, 2752 (1977). 

[16] B. S. DeWitt, Phys. Rev. 160, 1113 (1967). 

[17] See, for example, chapter 21 of Gravitation, C. W. Misner, K. S. Thorne 
and J. A. Wheeler, (W. H. Freeman and Co., San Francisco, 1973) or 
chapter 10 of General Relativity, R. M. Wald, (University of Chicago 
Press, Chicago and London, 1984). 

[18] P. Peldan, Nucl. Phys. B395, 239 (1993); S. Chakraborty and P. Peldan 
CGPG preprints CGPG-94/1-3 and CGPG-94/2-4; P. Peldan, CGPG 
preprint CGPG-94/2- 5. 

[19] R. Capovilla, J. Dell and T. Jacobson, Phys. Rev. Lett. 63, 2325 (1989). 

[20] C. Rovelli and L. Smolin, Phys. Rev. Lett. 72, 446 (1994). 

[21] V. Moncrief, personal communication (1993). 

[22] S. Major and L. Smolin, CGPG, Penn. State preprint, in preparation. 

[23] G. W. Gibbons, S. W. Hawking, M. J. Perry, Nucl. Phys B138, 141 
(1978). 



31 



[24] N. Tsamis and R. Woodard, "Strong infared effects in quantum gravity" 
University of Florida and Crete Preprint, UFIFT-92-24, CRETE-92-17 
(1994). 

[25] T. Banks, Nucl. Phys. B249, 332 (1985). 

[26] R. Penrose, Gen. Rel. and Grav. 7, 31 (1976); 171. 



[27] L. N. Chang and C. Soo, CGPG, Penn. State preprint 94/6-2; her> 



th/9406188 



[28] C Rovelli: Class and Quantum Grav 8 (1991) 297, 317. 

[29] L. Smolin, Gen. Rel. Grav. 16, 205 (1984); Gen. Rel. Grav. 17, 417 
(1985), Class, and Quant. Grav. 3, 347 (1986); I.J.T.P. 25, 215 (1986). 

[30] A Connes C Rovelli: "Von Nemann algebra automorphisms and the 
time-thermodynamics relation in generally covariant quantum theories" 
Class and Quantum Grav, in print (1994). C Rovelli: Class and Quan- 
tum Grav 10 (1993) 1549, 1567 



32 



